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Abstract

The aim of this paper is to present a continuum model for thermo-bioconvection of oxytactic bacteria in a porous med
investigate the combined effects of microorganisms’ upswimming and heating from below on the stability of bioconvect
horizontal layer filled with a fluid saturated porous medium. Different from traditional bioconvection, thermo-bioconvect
two destabilizing mechanisms that contribute to creating the unstable density stratification. This problem may be rele
number of geophysical applications, such as the investigation of the dynamics of oxytactic species of thermophiles (he
microorganisms) living in hot springs, microbial-enhanced oil recovery, and modeling oil- and gas-bearing sedimentar
The utilization of the Galerkin method to solve a linear stability problem leads to a correlation between the critical valu
bioconvection Rayleigh number and the traditional “thermal” Rayleigh number.
 2005 Elsevier SAS. All rights reserved.
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1. Introduction

Different from traditional bioconvection, which is caused by upwardly swimming microorganisms whose a
density is slightly larger than that of water (Pedley and Kessler [1], Hillesdon and Pedley [2], Hillesdon et
Metcalfe and Pedley [4,5]), thermo-bioconvection is caused by two factors: the upswimming of microorganis
the temperature gradient across the fluid. Thermo-bioconvection may be important for understanding fluid m
hot springs populated by motile thermophiles (heat loving microorganisms).

This paper continues the research started in [6] and extends the analysis of stability of thermo-bioconvec
suspension of oxytactic bacteria to a horizontal layer filled with a fluid saturated porous medium. This proble
be relevant to modeling oil and gas-bearing sedimentary basins (Polyansky et al. [7]). Another example is m
enhanced oil recovery, when microorganisms and nutrients are injected in oil-bearing layers to correct perm
variation (Stewart and Fogler [8], Kim and Fogler [9]).

* Tel.: +1 (919) 515 5292; fax: +1 (919) 515 7968.
E-mail address: avkuznet@eos.ncsu.edu (A.V. Kuznetsov).
0997-7546/$ – see front matter 2005 Elsevier SAS. All rights reserved.
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Although Amiri and Vafai [10] and Khaled and Vafai [11] have demonstrated the importance of non-Darcian
for modeling flow in porous media and in biological tissues, the momentum equation utilized in this paper is b
the Darcy law. This is done in order to minimize the number of parameters involved in the model.

In designing a model of bioconvection in a porous medium, it is assumed that the porous matrix does no
microorganisms and that the pore sizes are significantly larger than the microorganisms; therefore, oxytactic
of microorganisms is not affected by the presence of the porous matrix. It is also assumed that heating fro
is sufficiently weak so that it does not kill microorganisms and does not affect their oxytactic behavior. Th
interesting outcome of this paper is a correlation between two Rayleigh numbers: the traditional, “thermal”, R
number, which is associated with the temperature gradient in the fluid layer, and the bioconvection Rayleigh
which is associated with the density difference induced by the upswimming of microorganisms.

2. Governing equations

Fig. 1 displays a schematic diagram of the problem. A horizontal fluid saturated porous layer of depthH confined
betweeñz = 0 (the top surface) and̃z = H (the bottom surface) and unbounded in thex̃ andỹ directions is considered
wherez̃ is positively oriented downward. The layer is heated from below and both top and bottom surfaces are a
to be at uniform temperatures,̃T0 andT̃0 + �T , respectively. Heating from below is expected to enhance insta
by adding a second destabilizing mechanism to that already existing in a suspension of oxytactic bacteria:
which are heavier than water, tend to migrate to the regions just below the top surface where the oxygen conc
is the highest, thus creating an unstable density stratification with the maximum density at the top surface.

The model presented here is based on a continuum model of a suspension of oxytactic microorganisms d
in Hillesdon and Pedley [2]. This model is supplemented by an energy equation and a buoyancy term in the mo
equation that results from the temperature variation across the layer. The Boussinesq approximation is uti
the suspension is assumed dilute. The inertia terms are neglected due to the small flow velocity associ
bioconvection (Pedley et al. [12]). Governing equations for a porous medium are obtained by volume av
these equations. The volume averaging procedure is described in detail in Whitaker [13]. This procedure r
the replacement of the Laplacian viscous terms with the Darcian terms that describe viscous resistance in
medium (Nield and Bejan [14]). The resulting governing equations are:

Momentum equation

caρw

∂Ũ
∂t̃

= −∇̃p̃ − µ

K
Ũ + ñθ�ρg − ρwβ̂(T̃ − T̃0)g, (1)

whereca is the acceleration coefficient introduced by Nield and Bejan [14], it depends on the geometry of the
medium and is determined mainly by the nature of the pore channels of the largest cross sections (as explain
in narrow pore channels the transients decay more rapidly);g is the gravity vector;K is the permeability of the porou
medium;ñ is the number density of motile microorganisms;p̃ is the excess pressure (above hydrostatic);t̃ is the
time; Ũ = (ũ, ṽ, w̃) is the fluid filtration velocity;β̂ is the volume expansion coefficient of water at constant pres

Fig. 1. Schematic diagram of the problem.
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�ρ = ρcell − ρw is the density difference between cells and water;θ is the average volume of a microorganism;µ is
the dynamic viscosity, assumed to be approximately the same as that of water; andρw is the density of water; tilde
denote dimensional variables.

Continuity equation

∇̃ · Ũ = 0. (2)

Cell conservation

ϕ
∂ñ

∂t̃
= −div( j̃), (3)

where

j̃ = ñŨ + ñṼ − Dn∇̃ñ (4)

is the flux of microorganisms. The terms on the right-hand side of Eq. (4) represent the flux of microorganis
to the macroscopic motion of the fluid, the directional swimming of microorganisms up the oxygen gradients
diffusive process that models all random motions of microorganisms, respectively.Dn in Eq. (4) is the diffusivity of
the microorganisms.

The average directional swimming velocity of a microorganism can be approximated as (Hillesdon and Ped

Ṽ = bWcĤ (C)∇̃C, (5)

whereb is the chemotaxis constant [m] andWc is the maximum cell swimming speed [m/s] (the productbWc is
assumed to be constant). The dimensionless oxygen concentration,C, in Eq. (5) is defined as:

C = C̃ − C̃min

C̃0 − C̃min
, (6)

whereC̃ is the dimensional oxygen concentration,C̃0 is the free-surface oxygen concentration, andC̃min is the min-
imum oxygen concentration that microorganisms need in order to be active. Since for the shallow layerC is greater
than zero throughout the layer thickness, the Heaviside step function,Ĥ (C), in Eq. (5) is equal to unity.

Thermal energy equation

cpρw

(
∂T̃

∂t̃
+ Ũ · ∇̃T̃

)
= k∇̃2T̃ , (7)

wherecp is the specific heat of water,k is the effective thermal conductivity of the porous medium,T̃ is the tempera
ture, and̃∇2 is the Laplacian operator.

Oxygen conservation

ϕ
∂C

∂t̃
+ Ũ · ∇̃C = DC∇̃2C − γ ñ

�C̃
, (8)

whereDC is the diffusivity of oxygen,−γ ñ/�C̃ describes the consumption of oxygen by the microorganisms i
fluid, and�C̃ equalsC̃0 − C̃min.

Porosity,ϕ, is involved in the term on the left-hand side of Eqs. (3) and (8) because in the porous mediu
concentrations of cells and oxygen (unlike the heat) are advected/convected with the intrinsic velocity (not th
filtration velocity) since the cells and oxygen cannot pass through the solid phase (Nield [15]). An extra factoϕ has
been incorporated intoγ and the effective transport coefficients for the porous medium,Dn,DC , andbWc, in Eqs. (4),
(5), and (8).

3. Boundary conditions

In accordance with Fig. 1, the following boundary conditions are imposed at the top surface:

At z̃ = 0: w̃ = 0, C = 1, T̃ = T̃0, j̃ · k̂ = 0, (9)
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wherek̂ is the vertically-downward unit vector.
The last equation in (9) can be recast as:

ñbWc

∂C

∂z̃
− Dn

∂ñ

∂z̃
= 0. (10)

At the bottom of the layer (assumed to be rigid) the following conditions are satisfied:

At z̃ = H : w̃ = 0,
∂C

∂z̃
= 0, T̃ = T̃0 + �T, j̃ · k̂ = 0, (11)

where�T is positive when heating from below is considered.
The last equation in (11), accounting for∂C/∂z̃ = 0, can be recast as:

∂ñ

∂z̃
= 0. (12)

4. Dimensionless equations

Dimensionless variables and operators are introduced as follows:

n = ñ/ñ0, [x, y, z] = [x̃, ỹ, z̃]/H,

t =
(

Dn

H 2

)
t̃ , U =

(
H

Dn

)
Ũ, p =

(
H 2

µDn

)
p̃, T = T̃ − T̃0

�T
, ∇2 = H 2∇̃2, ∇ = H ∇̃, (13)

whereñ0 is the average number density of the microorganisms (number density of the microorganisms in a we
suspension) andU = (u, v,w) is the dimensionless fluid filtration velocity.

Dimensionless constants are defined as

δ = DC

Dn

, Pe = bWc

Dn

, β = (
γ ñ0H

2)/(DC�C̃), Le = DCcpρw

k
,

Sc = µ

ρwDn

, Ra = gβ̂�T H 3ρ2
wcp

µk
, Rb = �ρθñ0g

µDn

H 3, Da = K

H 2
, (14)

whereDa is the Darcy number,Le is the Lewis number,Ra is the traditional Rayleigh number,Rb is the bioconvec
tion Rayleigh number, andSc is the Schmidt number.β characterizes the ratio of the rate of oxygen consumptio
the rate of oxygen diffusion, it can be regarded as a depth parameter.Pe can be regarded as a ratio of two char
teristic velocities; one due to oxytactic swimming and the other due to random, diffusive swimming (Hillesd
Pedley [2]).

The dimensionless governing equations can be presented as:

ca

Sc

∂U
∂t

= −∇p − 1

Da
U + k̂

[
Rbn − Ra

δ

Le
T

]
, (15)

∇ · U = 0, (16)

ϕ
∂n

∂t
= −div( j), (17)

wherej = j̃H/(Dnñ0) = nU + nV − ∇n andV = ṼH/Dn

∂T

∂t
+ U · ∇T = δ

Le
∇2T , (18)

ϕ
∂C

∂t
+ U · ∇C = δ∇2C − βδn. (19)

Dimensionless boundary conditions can be presented as follows. At the top surface the following boundar
tions are satisfied:

At z = 0: w = 0, C = 1, T = 0, Pen
∂C − ∂n = 0. (20)

∂z ∂z
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At the bottom surface the following dimensionless boundary conditions are satisfied:

At z = 1: w = 0,
∂C

∂z
= 0, T = 1,

∂n

∂z
= 0. (21)

5. Basic state

In the basic state the fluid is motionless and cell and oxygen concentrations change in thez-direction only. The
solutions forCb(z) andnb(z) follow from Hillesdon and Pedley [2] and the solution forTb(z) andpb(z) are obtained
by integrating Eqs. (18) and (15), respectively, with boundary conditions (20) and (21):

Cb(z) = 1− 2

Pe
ln

(
cos{A1(1− z)/2}

cos{A1/2}
)

, (22)

nb(z) = A2
1

2Peβ
sec2

(
A1

2
(1− z)

)
, (23)

Tb(z) = z (24)

pb(z) = p0 + Rb
A1

Peβ

[
tan

(
A1

2

)
− tan

(
A1

2
(1− z)

)]
− Ra

δ

Le

z2

2
, (25)

wherep0 = H 2p̃0/(µDn) is the dimensionless pressure at the top surface,p̃0 is the pressure at the top surface, a
the constantA1 is found from the transcendental equation

tan

(
A1

2

)
= Peβ

A1
. (26)

The solution for the basic state given by Eqs. (22)–(25) is valid as long as the dimensionless oxygen conc
is positive throughout the chamber. In [2] it is shown that this condition holds as long as

β � 2φ

Pe
tan−1 φ, (27)

where

φ2 = exp(Pe) − 1. (28)

Sinceβ is proportional toH 2, Eq. (27) determines the largest layer depth for which the layer can be treated as s

6. Linear stability analysis

The perturbations are introduced as follows:

n(t, x, y, z) = nb(z) + εn∗(t, x, y, z), (29)

U(t, x, y, z) = εU∗(t, x, y, z), (30)

p(t, x, y, z) = pb(z) + εp∗(t, x, y, z), (31)

T (t, x, y, z) = Tb(z) + εT ∗(t, x, y, z), (32)

C(t, x, y, z) = Cb (z) + εC∗(t, x, y, z), (33)

where an asterisk denotes a perturbation quantity,U∗ = (u∗, v∗,w∗), andε is the small perturbation amplitude. Su
stituting Eqs. (29)–(33) into Eqs. (15)–(19) and linearizing results in the following equations for perturbations

ca

Sc

∂U∗

∂t
= −∇p∗ − 1

Da
U∗ + k̂

[
Rbn∗ − Ra

δ

Le
T ∗

]
, (34)

∇ · U∗ = 0, (35)

ϕ
∂n∗

+ w∗ ∂nb(z) + Pe
∂C∗ ∂nb(z) + Pe

∂Cb(z) ∂n∗
+ Pen∗(z)∂

2Cb(z)

2
+ Penb(z)∇2C∗ = ∇2n∗, (36)
∂t ∂z ∂z ∂z ∂z ∂z ∂z
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∂T ∗

∂t
+ w∗ = δ

Le
∇2T ∗, (37)

ϕ
∂C∗

∂t
+ w∗ ∂Cb(z)

∂z
= δ∇2C∗ − βδn∗. (38)

Elimination ofu∗, v∗, andp∗ from Eqs. (34) and (35) results in:

ca

Sc

∂

∂t

(
∂2w∗

∂x2
+ ∂2w∗

∂y2
+ ∂2w∗

∂z2

)
= Rb

(
∂2n∗

∂x2
+ ∂2n∗

∂y2

)
− Ra

δ

Le

(
∂2T ∗

∂x2
+ ∂2T ∗

∂y2

)

− 1

Da

(
∂2w∗

∂x2
+ ∂2w∗

∂y2
+ ∂2w∗

∂z2

)
. (39)

A normal mode expansion is introduced in the form:

[w∗, n∗, T ∗,C∗] = [
W(z),N(z),Θ(z),Ξ(z)

]
f (x, y)exp(σ t). (40)

The functionf (x, y) satisfies the following equation:

∂2f

∂x2
+ ∂2f

∂y2
= −a2f, (41)

wherea is the horizontal wavenumber (used as a separation constant).
Substituting Eq. (40) into Eqs. (36)–(39), and accounting for Eq. (41), the following equations for the amp

W , Θ , N , andΞ are obtained:

a2Da Le Rb ScN − a2Le(Sc + caDaσ)W − a2Da Ra Sc δΘ + Le(Sc + caDaσ)W ′′ = 0, (42)

LeW + (
a2δ + Leσ

)
Θ − δΘ ′′ = 0, (43)

2A1Peβ tan

[
1

2
A1(z − 1)

]
N ′(z) + A3

1 sec2
[

1

2
A1(z − 1)

]
tan

[
1

2
A1(z − 1)

]
(W + PeΞ ′)

+ 2Peβ
((

a2 + σϕ
)
N − N ′′) + A2

1Pe sec2
[

1

2
A1(z − 1)

](
βN − a2Ξ + Ξ ′′) = 0, (44)

PeβδN − A1 tan

[
1

2
A1(1− z)

]
W + Pe

(
a2δ + σϕ

)
Ξ − Pe δΞ ′′ = 0. (45)

Eqs. (42)–(45) must be solved subject to the following boundary conditions:

At z = 0: W = 0, Ξ = 0, Θ = 0, Pe

(
nb|z=0

dΞ

dz
+ dCb

dz

∣∣∣∣
z=0

N

)
− ∂N

∂z
= 0, (46)

At z = 1: W = 0,
dΞ

dz
= 0, Θ = 0,

dN

dz
= 0. (47)

The utilization of the principal of exchange of stabilities (Chandrasekhar [16]) is warranted for a fluid layer
from below. Although there are two agencies affecting the density in this case (oxytactic upswimming of m
ganisms and heating from below), both of these agencies are destabilizing; therefore, overstability in this s
not possible unless there is cooling of the fluid layer from below. (The case of cooling from below, when osc
instability is possible, requires a separate analysis.) Therefore,σ is set to zero in Eqs. (42)–(45). This makes th
equations independent of the Schmidt number,Sc. Also, by lettingΞ → βΞ , the system (42)–(47) depends on
product� = Peβ rather thanPe andβ individually. Finally, by lettingΘ → Le Θ̄ , the system (42)–(47) becom
independent ofLe. Also, new Raleigh–Darcy numbers (traditional and bioconvection) can be introduced as:

R̂a = Da Ra and R̂b = Da Rb. (48)

RescalingΞ andΘ , Eqs. (42)–(45) are recast as:

a2R̂bN − a2W − a2R̂a δΘ̄ + W ′′ = 0, (49)

W + a2δΘ̄ − δΘ̄ ′′ = 0, (50)
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2A1� tan

[
1

2
A1(z − 1)

]
N ′(z) + A3

1 sec2
[

1

2
A1(z − 1)

]
tan

[
1

2
A1(z − 1)

]
(W + �Ξ ′)

+ 2�
(
a2N − N ′′) + A2

1� sec2
[

1

2
A1(z − 1)

](
N − a2Ξ + Ξ ′′) = 0, (51)

�δN − A1 tan

[
1

2
A1 (1− z)

]
W + �a2δΞ − �δΞ ′′ = 0. (52)

Eqs. (49)–(52) must be solved subject to the following boundary conditions:

At z = 0: W = 0, Ξ = 0, Θ̄ = 0, �

(
nb|z=0

dΞ

dz
+ 1

β

dCb

dz

∣∣∣∣
z=0

N

)
− ∂N

∂z
= 0, (53)

At z = 1: W = 0,
dΞ

dz
= 0, Θ̄ = 0,

dN

dz
= 0. (54)

It should be noted that the termβ−1 dCb/dz in the last equation of (53) depends on� , but does not depend onPe
andβ individually (cf. Eq. (22)).

For the solution of this system, a single term Galerkin method is employed. Suitable trial functions, which
the boundary conditions given by Eqs. (53) and (54), are:

W1 = z − z2, (55)

Θ̄1 = z − z2, (56)

N1 = 1+ α

(
z − 1

2
z2

)
, (57)

Ξ1 = z − 1

2
z2, (58)

where

α = A1(A1 − sinA1)

1+ cosA1
. (59)

The utilization of a standard Galerkin procedure (Finlayson [17]), which involves substituting the trial fun
given by Eqs. (55)–(58) into Eqs. (49)–(52), calculating the residuals, and making the residuals orthogon
relevant trial functions, results in the following equation for the critical bioconvection Rayleigh number:

R̂bcr = min
a

{
16�δ

[(
10+ a2)2 − a2R̂a

]{− (2I3 + a2A2
1I4�)(5+ 2A2

1 + 5 cos(A1) − 2A1 sin(A1))

1+ cos(A1)

+ 2
(
5+ 2a2)[I2 + 1

60
a2� sec4

(
A1

2

)(
45+ 22A2

1 + 4A4
1 + 20

(
3+ A2

1

)
cos(A1)

+ (
15− 2A2

1

)
cos(2A1) − 4A1

(
5+ 2A2

1 + 5 cos(A1)
)
sin(A1)

)]}}
/{

a2(10+ a2)[15I1
(
2I3 + a2A2

1I4�
) − 4

(
5+ 2a2)I5�δ

]
×

(
40+ 7A1 sec2

(
A1

2

)(
A1 − sin(A1)

))}
(60)

where the integralsI1–I5 (all of which are functions of� only) are given in Appendix A.

7. Validation

For the case of̂Rb = 0 (the microorganisms are buoyancy-neutral), Eq. (60) predicts thatR̂acr = 40 atacr = 3.16.
This is within 1.27% of the exact result of̂Racr = 39.49 andacr = 3.14 that follows from Table 6.1 of Nield an
Bejan [14].
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8. Results and discussion

No experimental data are available to this point to reliably estimate values of dimensionless parameters
terizing the behavior of oxytactic microorganisms in a porous medium. Since the aim of this paper is to inv
trends,� = Peβ = 1 andδ = 1 are adopted for the basic case, and then values of� andδ are varied around unity i
Figs. 2 and 3.

Fig. 2 displays the effect of the Rayleigh number,R̂a, on the critical value of the bioconvection Rayleigh numb
R̂bcr, and on the critical wavenumber,acr. Fig. 2 is computed for three fixed values of� : 0.1, 1, and 10. The decrea
of R̂bcr with increase of̂Ra means that increasing the temperature variation across the porous layer destabil
suspension and helps the development of bioconvection. As expected, the curves in Fig. 2(a) intersect at
(R̂a, R̂b) = (40,0). The curves in Fig. 2(b) intersect at the point(R̂a, a) = (40,3.16). WhenR̂a exceeds 40, convectio

(a)

(b)

Fig. 2. Effect of the traditional “thermal” Rayleigh number,̂Ra, on the critical value of the bioconvection Rayleigh number,R̂bcr (a) and on the
critical horizontal wavenumber,acr (b). Different curves correspond to different fixed values of� .
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(b)

Fig. 3. Effect ofδ on the critical value of the bioconvection Rayleigh number,R̂bcr (a) and on the critical wavenumber,acr (b). Different curves
correspond to different fixed values of̂Ra.

develops even in a suspension of buoyancy-neutral microorganisms because of the unstable density str
caused by heating the porous layer from below.

Hillesdon and Pedley [2] interpreted� as a depth parameter; larger values of� correspond to a steeper fre
surface density gradient in the basic state. It is expected that a steeper free-surface density gradient leads
unstable system, which explains the decrease ofR̂bcr with the increase of� , as observed in Fig. 2(a).

Fig. 3 displays the effect ofδ on R̂bcr andacr. This figure is computed for five fixed values of̂Ra: 0, 10, 20, 30,
and 40.δ characterizes the ratio of oxygen diffusivity to that of microorganisms (the diffusivity of microorganis
mostly due to the random component in their swimming). From Fig. 3(a) it is clear thatR̂bcr first increases rapidly a
δ increases, but then approaches an asymptotic limit. It should be noted that in a shallow chamber (consider
paper) the oxygen and cell concentrations in the basic state (given by Eqs. (22) and (23) respectively) depe�

but do not depend onδ. The increase of̂Rbcr when increasingδ is consistent with the findings of Hillesdon and Ped
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er heated
[2] for small values ofδ (see Fig. 7(a) in their paper); however, the maximum that the dependenceR̂bcr(δ) takes on a
a certain value ofδ is not observed in Fig. 3(a); this may be due to what the porous medium brings to the prob
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Appendix A

FunctionsI1–I5 in Eq. (60) for the critical bioconvection Rayleigh number are given below:

I1(�) = A1

1∫
0

(2− z)(−1+ z)z2 tan

(
1

2
A1(1− z)

)
dz, (A.1)

I2(�) = 1

4
A1�

1∫
0

F(z,�)

×
[
A1 sec2

(
A1

2

)
sec2

(
1

2
A1(−1+ z)

)(
2− A2

1(−2+ z)z + 2 cos(A1) + A1(−2+ z)zsin(A1)
)

+ 8(A1 − sin(A1))(1− A1(−1+ z) tan(1
2A1(−1+ z)))

1+ cos(A1)

]
dz, (A.2)

I3(�) = A2
1�

1∫
0

sec2
(

1

2
A1(−1+ z)

)
F(z,�)

(
−1− A1(−1+ z) tan

(
1

2
A1(−1+ z)

))
dz, (A.3)

I4(�) =
1∫

0

(−2+ z)zsec2
(

1

2
A1(−1+ z)

)
F(z,�)dz, (A.4)

I5(�) = −A3
1

1∫
0

(−1+ z)zsec2
(

1

2
A1(−1+ z)

)(
1+ A1(z − 0.5z2)(A1 − sin(A1))

1+ cos(A1)

)

× tan

(
1

2
A1(−1+ z)

)
dz (A.5)

where

F(z,�) = 1+ 1

4
A1(−2+ z)zsec2

(
A1

2

)(−A1 + sin(A1)
)
. (A.6)
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